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ABSTRACT
We explore a new technique to measure cosmic shear using Einstein rings. In Birrer et al. (2017), we showed that the
detailed modelling of Einstein rings can be used to measure external shear to high precision. In this letter, we explore
how a collection of Einstein rings can be used as a statistical probe of cosmic shear. We present a forecast of the
cosmic shear information available in Einstein rings for different strong lensing survey configurations. We find that,
assuming that the number density of Einstein rings in the COSMOS survey is representative, future strong lensing
surveys should have a cosmological precision comparable to the current ground based weak lensing surveys. We discuss
how this technique is complementary to the standard cosmic shear analyses since it is sensitive to different systematic
and can be used for cross-calibration.
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1. INTRODUCTION
Probes of cosmic large-scale structures of the uni-
verse are powerful tools for testing dark matter, dark
energy and gravity on large scales (see e.g. Weinberg
et al. 2013). One such probe is cosmic shear, which
can be used to measure density perturbations through
the distortions of galaxy images (Kaiser 1992; Bartel-
mann & Schneider 2001; Refregier 2003; Albrecht et al.
2006; Peacock et al. 2006; Hoekstra & Jain 2008; Munshi
et al. 2008; Massey et al. 2010, and references therein).
Since the first detections of cosmic shear in 2000 (Ba-
con et al. 2000; Kaiser et al. 2000; Wittman et al. 2000;
Van Waerbeke et al. 2000), several surveys have mea-
sured the correlation of galaxy shapes on cosmological
scales, such as the Sloan Digital Sky Survey (Lin et al.
2012; Huff et al. 2014), the Deep Lens Survey (Jee et al.
2013), the Canada-France-Hawaii Legacy Survey (Kil-
binger et al. 2013; Heymans et al. 2013), the Kilo De-
gree Survey (Kuijken et al. 2015) and the Dark Energy
Survey (Becker et al. 2016; Troxel et al. 2017).
The intrinsic galaxy ellipticities are about one order
of magnitude larger than those induced by cosmic shear.
As a result, one needs to average over a large ensemble
of galaxies to measure the sought-after weak lensing sig-
nal. The low signal-to-noise ratio per galaxy also makes
the measurements sensitive to systematic effects such
as uncertainties in the point spread function, the noise
properties, etc. With the increase in the depth and area
of cosmic shear surveys, control of systematics continues
to be a major focus in their cosmological analyses (see
e.g. Amara & Re´fre´gier 2008).
Galaxy shapes are not the only way to measure large
scale structure through gravitational lensing. Cosmic
magnification (Me´nard & Bartelmann 2002) has been
proposed and statistically detected in SDSS (Scranton
et al. 2005). Lensing magnification of supernovae of type
Ia may also provide an independent measurement. The
intrinsic scatter in SNIa is about 10-15% (Cooray et al.
2006), which is higher than the magnification signal im-
printed. Weak lensing of the Lyman-alpha forest (Croft
et al. 2017) has also been proposed to measure the weak
lensing effect.
In the modeling of strong lens systems, in particular
quadruply lensed quasars, weak lensing distortions have
to be modeled to match the observables. This has been
done by introducing linear shear terms in additon to the
main deflector model (see e.g. Hogg & Blandford 1994;
Keeton et al. 1997; Schechter et al. 1997; Fischer et al.
1998; Kochanek et al. 2001; Suyu et al. 2013; Birrer et al.
2016) or by explicitly modeling the nearby dominant
galaxies and their dark matter halo (Wong et al. 2017).
Recently, we have demonstrated in Birrer et al. (2017)
that the careful forward modelling and introduction of
non-linear shear terms acting on the main deflector of
strong lens systems can provide a precise measurement
of the external weak lensing shear. In particular, the
analysis of a single Einstein ring system in the COSMOS
field yielded a shear precision of ±0.003 for both, the
shear acting on the main deflector and the integrated
shear to the souce plane.
In this letter, we explore how a collection of Einstein
rings can be used as a statistical probe of cosmic shear.
We first review how Einstein rings can be used for this
purpose (§2). We then forecast the statistical sensitivity
of Einstein ring surveys for cosmic shear and compare
it to that of galaxy shape surveys (§3). After discussing
the complementarity of these two approaches (§4) we
summarise our conclusions (§5).
2. SHEAR MEASUREMENTS FROM EINSTEIN
RINGS
In Birrer et al. (2017), we presented a method to ac-
curately model the effects of large scale structures along
the line of sight (LOS) on strong lensing systems. This
forward modeling approach allowed us to separate the
weak lensing LOS shear effect from the main strong lens
deflector.
The LOS effect can generally be modelled with four
distortion parameters: Two reduced shear terms that
describe the weak lensing effect between the main de-
flector and the observer and two shear terms that de-
scribe the integrated shear terms between the source and
the observer via a non-linear path through the main de-
flector. These effects are mathematically distinct from
ellipticity in the main deflector.
An idealised case is an Einstein ring with perfect cir-
cular lens and a point source. In this case the presence
of large scale structure along the LOS alters the shape of
the Einstein ring. In particular the ring becomes ellipti-
cal due to weak lensing by foreground structures. Since
an elliptical Einstein ring can not be produced by an
elliptical lens model, it can be considered as a signature
of cosmic shear along the LOS and the Einstein ring as
a standard shape.
Figure 1 demonstrates the use of Einstein rings for
measuring cosmic shear. The forward modelling of a
distant galaxy is illustrated through 4 different cases:
(1) without lensing, (2) with cosmic shear only, (3) with
a strong lens only and (4) with both cosmic shear and
strong lensing. In the standard galaxy weak lensing, the
effect of shear is subdominant compared to the intrinsic
shape of galaxies (see rows 1 and 2 of the figure). In
addition, observational effects such as convolution by the
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PSF, pixelization and noise further degrade the available
shear information per galaxy (see columns 3 to 5). In
the strong lensing regime, the direction and amplitude
of the shear has a noticeable imprint in the distortion of
an Einstein ring (see rows 3 and 4).
In practice, the cosmic shear information imprinted
in strong lens imaging data can be extracted by forward
modelling and simultaneously reconstructing the strong
lens (including cosmic shear terms) and the source sur-
face brightness (see Birrer et al. 2017, for further de-
tails).
We tested this approach in Birrer et al. (2017) us-
ing mock data and we showed that strong lens systems
can accurately measure cosmic shear with a precision
of σγ,SL = ±0.003 (statistical error) for an HST-like
dataset of an Einstein ring. We also achieved a simi-
lar precision in the reconstruction of the Einstein ring
lens COSMOS 0038+4133. The uncertainties quoted
include the marginalization over lens ellipticity param-
eters, source position and surface brightness distribu-
tion. For this letter, we provide further test cases for a
broader range of Einstein rings in the form of a jupyter
notebook 1 and we also provide the open-source software
lenstronomy (Birrer et al. in prep) 2. In particular, we
provide tests with moderate ellipticity in the main de-
flector that leads to a split in the image configuration.
For those tests we achieve the same cosmic shear preci-
sion of σγ,SL = ±0.003.
3. COSMIC SHEAR FORECAST
For weak lensing galaxy surveys, we estimate the shear
uncertainty variance for a unit area by (see e.g. Amara
& Re´fre´gier 2008),
σˆ2γ,gal =
σ2γ,gal
ngal
, (1)
where σ2γ,gal is the shear uncertainty variance per galaxy
and ngal is the galaxy surface number density. Similarly,
the shear uncertainty variance for an Einstein ring sur-
vey is given by
σˆ2γ,SL =
σ2γ,SL
nSL
, (2)
where σγ,SL is the shear uncertainty per Einstein ring
and nSL is the number density of Einstein rings. Note
that all shear uncertainties are given per shear compo-
nent.
To estimate the number density nSL of Einstein rings
that can be modeled with sufficient precision, we con-
1 http://www.astro.ucla.edu/~sibirrer/
CosmicShearEinsteinRing/
2 https://github.com/sibirrer/lenstronomy
sider the strong lens systems found in the COSMOS
survey Scoville et al. (2007). The COSMOS survey is
based on HST imaging over an area of 1.64 deg2 with
a limiting magnitude of about IF814W = 26.5 mag (10-
σ point source detection). The systematic search for
strong gravitational lenses (Faure et al. 2008) resulted
in 20 strong lens systems with multiple images or large
curved arcs. For a few of their strong lenses, the authors
were able to infer the external shear with forward model-
ing. For the present study, we focus on the few systems
where reliable and high precision cosmic shear values
can be extracted. In our previous study (Birrer et al.
2017), we used one Einstein ring lens system, COSMOS
0038+4133, to measure the external shear to high pre-
cision. There is at least one other valuable strong lens
in the COSMOS field, that is nearly an Einstein ring.
We thus take nSL ≈ 1 deg−2 for the forecast presented
in this letter.
A useful comparison of the cosmic shear information
is given by the dark energy Figure of Merit (FoM) (Al-
brecht et al. 2006). We follow the analysis of Amara
& Re´fre´gier (2007) and take their equation (10) for the
scaling of the FoM as a function of weak lensing survey
parameters. To adapt this scaling to also apply to Ein-
stein rings, we include an explicit scaling for the shear
precision σγ,gal/SL. For simplicity we do not consider
other scaling factors. This results in a dark energy FoM
forecast that depends on survey area As, number den-
sity of sources ngal/SL and shear precision per source
σγ,gal/SL
FoMDE ≈ 2.8
(
As
5× 103 deg2
)(
ngal/SL
10 arcmin−2
)(σγ,gal/SL
0.25
)−2
.
(3)
For the strong lensing forecast, we estimate the abun-
dance and precision from the COSMOS lens sample with
nSL ≈ 1 deg−2 and σγ,SL = 0.003, as discussed above.
We compute the FoM for two different areas, survey SL1
with 5000 deg2 and SL2 with 20000 deg2. We com-
pare the strong lensing information to two different weak
lensing survey configurations. For both surveys we as-
sume a combined shape noise and measurement noise of
σγ,gal = 0.25. For the first survey WL1, we choose a set
of parameters that is comparable to current weak lens-
ing measurements, namely As = 1500 deg
2 and ngal = 5
per arcmin−2. For the second one, WL2, we choose
ngal = 10 arcmin
−2 and the same area of 5000 deg2 as
SL1.
Table 1 summarizes the forecasts for the different sur-
veys and provides estimates of the noise density of shear
measurement for a unit area, and for the FoM of the dark
energy equation of state (Equation 3). For WL2, we get
shear uncertainties σˆ2γ,WL ≈ 2.5×10−6 deg2. The strong
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Figure 1. Illustration of Einstein rings to measure cosmic shear. From left to right: Forward modeling of a distant galaxy
(1) through gravitational lensing (2), diffraction and atmospheric effects leading to a convolution (FWHM 0.1”) (3), detector
discreteness (pixelised grid of 0.05”×0.05”) and noise (5). From top to bottom: No lensing (1), only cosmic shear with
amplitude 0.1 (2), a strong lens with Einstein radius θE = 1” (3) and a strong lens with an additional cosmic shear in the
foreground of the lens corresponding to a shear at the lens plane of 0.06 and at the source plane of 0.1 (4). In the standard
galaxy weak lensing (second row), the shear term can only be inferred when the intrinsic source is known and observational
conditions degrade this effect with potential biases (comparison of first and second raw). In the strong lensing regime, the
direction and strength of the shear has a reliably measurable imprint in the shape of an Einstein ring (bottom right).
lenses are estimated to provide σˆ2γ,SL ≈ 9×10−6 deg2, a
number comparable to the weak lensing. The figure of
merit shows that a strong lens survey of 5000 deg2 has
a similar performance as existing weak lensing surveys
and that when extending the area to 20000 deg2, strong
lensing will be comparable with the 5000 deg2 survey
WL2.
4. DISCUSSION
The cosmic shear forecast for the different surveys
in Section 3 do not include systematic limitations, nei-
ther for the galaxy shape surveys nor for the Einstein
ring forecast. Amara & Re´fre´gier (2007) finds a steep
decrease in the FoM of dark energy for weak lensing
surveys when increasing the uncertainty in the redshift
estimate or the fraction of catastrophic failures. Cur-
rent and future galaxy surveys rely on photometric red-
shifts since the number and depth of the galaxy sample
prohibits a full complete spectroscopic follow up. On
the other hand, the number of Einstein rings for cosmic
shear studies is within the range of a full spectroscopic
follow up, thereby alleviating the limitations from pho-
tometric redshift estimation.
The cosmic shear estimate from Einstein rings may
however also be affected by systematics. For general
strong lens systems, the strong lens model can be par-
tially degenerate with cosmic shear. In the present anal-
ysis and in Birrer et al. (2017), we focus on Einstein ring
systems. The simpler and more circular the lens, the
more directly the shape of an Einstein ring can be at-
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Table 1. Cosmic shear forecast for weak lensing and strong lensing surveys
Survey As [deg
2] ngal/SL σγ,gal/SL Ntot σˆ
2
γ,gal/SL [deg
2] FoMDE
SL1 5000 1 deg−2 0.003 5.0e+03 9.0e-06 0.50
SL2 20000 1 deg−2 0.003 2.0e+04 9.0e-06 2.2
WL1 1500 5 arcmin−2 0.25 2.4e+07 3.5e-06 0.42
WL2 5000 10 arcmin−2 0.25 1.8e+08 1.7e-06 2.8
Note—Cosmic shear forecast for weak lensing and strong lensing surveys of different
configurations in terms of area As, number density of galaxies/strong lenses ngal/SL
and shear error per object σγ,gal/SL. Weak lensing surveys have about 10
4 times more
sources, Ntot, than strong lens surveys but their shear variance for a unit area, σˆ
2
γ,gal/SL,
is only a factor 2-3 superior. The figure of merit of the dark energy equation of state
FoMDE is computed according to Equation 3.
tributed to cosmic shear and the inference of the shear
parameters become more precise. A detailed study of
the distribution of realistic lenses and their infered preci-
sion on the cosmic shear parameters is beyond the scope
of this letter.
The strong lensing systems are also likely to have se-
lection biases favouring high density regions, an affect
that would need to be modelled (e.g. Holder & Schechter
2003). Detailed checks of potential systematics may be
performed for a specific set of lenses (see e.g. Birrer et al.
2016, for the impact of the source scale and mass-sheet
degeneracy).
Galaxy shapes and Einstein ring measurements of cos-
mic shear are complementary. They are effected by dif-
ferent systematics but probe the same LOS density field.
Einstein rings can make precise measurements of cosmic
shear at a few locations, while galaxy shapes provide a
large number of measurements homogeneously over the
survey, but at much lower signal-to-noise. A joint anal-
ysis of Einstein rings and galaxy shapes can allow for
cross-correlations and cross-calibrations.
5. CONCLUSION
In this letter, we have proposed Einstein rings as
“standard shapes” to measure cosmic shear. We pre-
sented forecasts for the cosmic shear sensitivity of future
Einstein ring surveys. We found that their sensitivity is
comparable to that of current weak lensing surveys, as-
suming that the number density of Einstein rings in the
COSMOS survey is representative. Einstein rings probe
the same large scale structure as standard cosmic shear
analyses, but are effected by different systematics. They
are therefore an independent probe of cosmic shear that
is complementary to galaxy shape surveys.
SB thanks Tommaso Treu for support and funding.
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